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第三部分(第5章), 首先，我们应用Le Potier的同构定理, 证明了复Finsler全纯向
































In 1941，Hodge W V D ([3]) proposed the epoch-making profound theory: harmonic
integral theory. The famous Hodge theorem is said: in any compact orientable Riemannian
manifolds M , the space of all harmonic p-forms is a finite dimensional vector space, and its
dimension is equal to the p’s Betti number of M . The Hodge theorem shows that an analytic
invariant is equal to a topological invariant. The theorem not only greatly enhances the un-
derstanding of algebraic manifolds, but also makes an unexpected close connection between
the analysis and topology, thus it makes profound influences on the future development of
these two branches of mathematics.
Chern S S ([10]) had pointed out that complex Finsler geometry plays an important
role in the research on the function theory of complex manifolds, since in every complex
manifolds with or without boundary there exists a Carathéodory metric and a Kobayashi
metric, and under a proper condition they are C2 metric, and the most important fact is
that naturally they are Finsler metrics. Chern S S ([18]) also had pointed out that to extend
harmonic integral to the case of Finslerian will be a new research region of differential
geometry, and we expect the prospects are boundless.
In this paper, we research the Hodge theorems and vanishing theorems in Finsler ge-
ometry. There are three parts to discuss the Hodge theorems on Finsler manifolds，Bochner
type theorems about Killing vector fields in real Finsler manifolds and vanishing theorems
in Finsler holomorphic vector bundles.
In the first part (the second and third chapters), firstly, in order to study the differen-
tial forms on M , we introduce the projection operator P , and define the natural projection
of horizontal Laplace operator on M in the second chapter. In the third chapter, by using
the method of the functional analysis theory, we prove the Hodge theorem for the natural
projection of horizontal Laplace operator on the strongly pseudoconvex complex Finsler
manifold(M,F ). Secondly, in the last part of the third chapter, by means of the decom-
position theorem of the self-adjoint elliptic operator, we prove the Hodge theorem for the
Hodge-Laplace operator defined in [22] on the strongly pseudoconvex complex Finsler man-
ifold (M,F ), by which we generalize the result in [25].
In the second part (the fourth chapter), by the complicated calculation, we obtain the
Weitzenböck formula for the Killing vector fields in real Finsler manifolds, and get the
Bochner type theorems. In particularly, we get the Bochner type theorems about the Killing
vector fields in some special Finsler manifolds. Moreover, we prove that the number of the















In the third part (the fifth chapter), firstly, by means of the isomorphism theorem of Le
Potier, we give the generalization of the Girbau theorem on complex Finsler holomorphic
vector bundles. Secondly, by using the ∂∂̄Bochner-Kodaira technique obtained by Siu Y
T([37]), we get the vanishing theorem on the pull back bundle p∗E. In the third, in order
to discuss the horizontal differential forms, we get the ∂∂̄ Bochner-Kodaira technique for
the horizontal differential forms. Moreover, under the assumption of some positivity，we
obtain the vanishing theorem for horizontal harmonic(0, q)-forms. Finally, we discuss the
Hodge theorems on complex Finsler holomorphic vector bundles, and get the vanishing
theorems on Berwald holomorphic vector bundles.
Key Words: Finsler manifold, Hodge theorem, Killing vector field, complex Finsler holo-
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设Ap为实流形M上的所有光滑的p次微分形式组成的空间, Zp = {φ ∈
Ap|dφ = 0}, Bp = dAp−1. 则定义M上的第p个De Rham上同调群为Hp(M) =
Zp/Bp，De Rham定理([1]) 告诉我们, De Rham上同调群同构于第p个实系数奇
异上同调群HpS(M,R). 在M上用Riemann度量张量定义了Hodge-Laplace算子△d =
δd + dδ([2])，从而定义p次调和形式空间Hp = {φ ∈ Ap : △dφ = 0}. 1941年Hodge W
V D ([3]) 提出了划时代的深刻理论：调和积分理论. 调和形式空间是用度量定义的看











定理 1.1.1 [4] 设M是紧致、可定向的n维Riemann流形，则p次调和形式空间Hp =
{φ ∈ Ap : △dφ = 0}是有限维的线性空间，并且存在有界线性算子G : Ap → Ap(称
为Green算子)使得
(1) KerG = Hp;
(2)G与算子∗, d, δ是可交换的;
(3)G是紧算子;



























定理 1.1.2 [9]设M是紧致的复流形，E是M上的Hermite全纯向量丛. 令Lp,q(E)是C∞
的E值、(p, q)形式空间Ep,q(E)的完备化的Hilbert空间，定义∂̄-Laplace算子 =
∂̄∗∂̄ + ∂̄∂̄∗ : Lp,q(E)→ Lp,q(E),则
(1)调和形式空间Hp,q(E) = {φ ∈ Lp,q(E) : φ = 0}是有限维的线性空间，
且Hp,q(E) ⊂ Ep,q(E).
(2)存在Green算子G : Lp,q(E)→ Lp,q(E)使得
I = PHp,q(E) + ◦G,
其中PHp,q(E)是Ep,q(E)到Hp,q(E)的正交投影.




ds = F (x1, · · · , xn; dx1, · · · , dxn),
在此，F (x, y)(当y ̸= 0)在切丛TM上是一正函数并且对y是一次齐次的，它的一个重
要特例是
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